The gapless edge modes of the Quantum Spin Hall insulator form a helical liquid in which the direction of motion along the edge is determined by the spin orientation of the electrons. In order to probe the Luttinger liquid physics of these edge states and their interaction with a magnetic (Kondo) impurity, we consider a setup where the helical liquid is tunnel-coupled to a semiconductor quantum dot which is excited by optical absorption, thereby inducing an effective quantum quench of the tunneling. At low energy, the absorption spectrum is dominated by a power-law singularity. The corresponding exponent is directly related to the interaction strength (Luttinger parameter) and can be computed exactly using boundary conformal field theory thanks to the unique nature of the Quantum Spin Hall edge. Recent experiments on optical absorption of a quantum dot coupled to a metallic reservoir offer a new window into the correlated electron state that underlies the Kondo effect [1, 2] . The absorption of a single photon can be treated as a sudden change of the Hamiltonian (a "quench"): the exchange interaction between the dot and reservoir is abruptly changed by the absorption. Over a range of (shifted) photon energies between the observation temperature T and Kondo temperature T K , a powerlaw in the absorption spectrum is observed. This power law is a consequence of the Anderson orthogonality catastrophe [3] : the overlap between two metallic states differing by the presence or absence of a scattering potential goes to zero algebraically in the number of electrons N . It is natural to ask whether other kinds of metals that also support Kondo effects can be probed with this type of experiment, and what such an experiment would reveal.
The gapless edge modes of the Quantum Spin Hall insulator form a helical liquid in which the direction of motion along the edge is determined by the spin orientation of the electrons. In order to probe the Luttinger liquid physics of these edge states and their interaction with a magnetic (Kondo) impurity, we consider a setup where the helical liquid is tunnel-coupled to a semiconductor quantum dot which is excited by optical absorption, thereby inducing an effective quantum quench of the tunneling. At low energy, the absorption spectrum is dominated by a power-law singularity. The corresponding exponent is directly related to the interaction strength (Luttinger parameter) and can be computed exactly using boundary conformal field theory thanks to the unique nature of the Quantum Spin Hall edge. Recent experiments on optical absorption of a quantum dot coupled to a metallic reservoir offer a new window into the correlated electron state that underlies the Kondo effect [1, 2] . The absorption of a single photon can be treated as a sudden change of the Hamiltonian (a "quench"): the exchange interaction between the dot and reservoir is abruptly changed by the absorption. Over a range of (shifted) photon energies between the observation temperature T and Kondo temperature T K , a powerlaw in the absorption spectrum is observed. This power law is a consequence of the Anderson orthogonality catastrophe [3] : the overlap between two metallic states differing by the presence or absence of a scattering potential goes to zero algebraically in the number of electrons N . It is natural to ask whether other kinds of metals that also support Kondo effects can be probed with this type of experiment, and what such an experiment would reveal.
The main goal of this Letter is to explain the optical absorption of a few-electron quantum dot in the Kondo regime when it is coupled to the helical metal of electrons at the edge of a quantum spin Hall effect (QSHE) droplet. The QSHE edge [4, 5] is a one-dimensional metal where spin plays a fundamental role: as a result of spin-orbit coupling, there is a single time-reversal-related "Kramers pair" of low-energy propagating modes, which can be pictured as a right-moving mode of electrons with spin up along some axis and a left-moving mode with spin down. This edge is robust to disorder and interactions as long as the original symmetries of time-reversal and charge are unbroken [6, 7] . When time-reversal is broken by a static magnetic perturbation, the conductance goes to zero and can be computed via integrability of point tunneling in a Luttinger liquid [8] . The Anderson impurity problem, which is our starting point, is more complex as the impurity is dynamical and time-reversal is preserved.
QSHE edges have been probed through transport on (Hg,Cd)Te quantum wells [9, 10] , InAs/GaSb quantum wells [11] , and (in the former material) through SQUID imaging of the generated magnetic flux [12] . The Kondo effect along the QSHE edge has previously been studied theoretically for its effects on transport [13] [14] [15] (see also e.g. [16] [17] [18] [19] for other studies involving transport), where it has little effect at least for a single impurity: the DC conductance remains 2e
2 /h, just as in the absence of the impurity. This might suggest that Kondo effects in the QSHE are subtle and difficult to observe. To the contrary, the Kondo impurity's effects on optical absorption are much clearer than in transport: again a power-law is observed in the absorption spectrum, but now the powerlaw is determined by the interaction strength (Luttinger parameter) along the edge because special properties of the QSHE edge fix a scaling dimension in the field theory of this problem.
Unlike an ordinary Luttinger liquid [20] , the helical liquid plus Kondo impurity can be mapped exactly onto the Kondo problem in an ordinary Fermi liquid, where the interactions in the QSHE edge generate an effective anisotropic exchange coupling. In fact a different version of this mapping was noted [21] before the helical liquid was understood to arise in physical systems. This remarkable property of the QSHE edge enables us to solve exactly the absorption problem at low energy. In the same regime realized in existing experiments with Fermi liquids, we find that the absorption spectrum shows a power-law tail with an exponent given by the Luttinger parameter, thus providing a direct measurement of interaction strength in helical liquids.
Physical setup We start with the description of the Quantum Spin Hall edge as a helical liquid (HL) with counterpropagating modes with opposite spins along some axis, with forward scattering interactions [6, 7] with Ψ(x) = (ψ ↑ ψ ↓ ) T a two-dimensional spinor. We consider interactions at the edge only and ignore bulk interactions that would lead to more exotic behaviors [22, 23] . Single-particle backscattering terms that would open a gap in the Luttinger liquid are not allowed by time-reversal symmetry. Following [1, 24] , this HL is tunnel-coupled to a semiconductor quantum dot (QD) whose charge state is controlled by an external gate voltage V g . This gate voltage can be tuned such that the topmost occupied level h ("valence level") lies far below the Fermi energy, so that it can be considered as occupied. On the other hand, the conduction level d can be considered as unoccupied initially. We then apply a circularly polarized light beam (say with polarization ↑) with frequency ω. This will excite an electron with spin ↑ from the valence level h into the conduction level d, thus leaving a positively charged hole behind with spin ↓ in the h level (see [1, 2, 25] for a related protocol in the case of a dot coupled to a Fermi reservoir). This effectively induces an attractive Coulomb interaction U eh between the excited electron and the hole -this can also be thought of as the energy difference between the state with both d and h levels occupied (with Coulomb repulsion between the electrons), and the state with only the d level occupied. This hole is assumed to be stable and static compared to the other time scales of the problem. Let d † σ and h † σ be the electron/hole creation operators in the d and h levels, respectively. The quantum dot/light interaction is thus described by
Anderson impurity model. The relevant part of the Hamiltonian of the quantum dot is then given by
σ . All the energies are measured with respect to the Fermi energy F = 0 and are positive. The energy cost for creating a hole in the h level h is assumed to be very large (compared to the bulk gap), so the h level can be considered as occupied initially -i.e., before the light perturbation is turned on. The hole degree of freedom will be integrated out in the following but it is important to keep track of it in order to trigger the quantum quench. Finally, the tunneling between the HL and the QD reads
This gives a (bare) hybridization width Γ = γ 2 πρ 0 to the d level, where ρ 0 is the density of states (per spin) of the helical liquid. In the following, we will neglect the two-particle backscattering by the impurity. The full Hamiltonian is H = H HL + H dot + H t where H HL = dxH HL . We remark that even if the two modes of the helical edge are not fully spin polarized, the coupling to the impurity in the Anderson Hamiltonian will have the same form [28] .
We have assumed that d does not depend on the spin of the d electrons, which can be achieved by adding a term that accounts for an applied bias on the HL. Let us hence assign a different chemical potential ±V /2 to the right-and left-moving electrons
Because the total number of electrons with a given spin is conserved by the Hamiltonian, this term can be replaced by an effective magnetic field acting on the dot, thereby inducing an effective Zeeman splitting
In the following, we will assume that this bias term is tuned such that Absorption spectrum and Loschmidt echo. We remark that the Hamiltonian conserves n h σ , so we can easily integrate out the hole degree of freedom. Using Fermi's golden rule, the absorption spectrum of the photons can be expressed as
where κ is a proportionality constant that will depend on the precise experimental setup. The labels α = i, f correspond to the initial and final Hamiltonians
with H α |n α = E α n |n α , and
m /T is the initial thermal density matrix of the system. With the parameters described previously (in particular, d , U Γ), the d level can initially be considered as completely empty and decoupled from the helical liquid, and the absorption of the photon induces an effective quantum quench of the tunneling between the dot and the helical liquid. We can thus write the eigenstates of H i as product states over the helical liquid and the unoccupied dot |m i |m HL ⊗ |0 d . The quantity P (ω) = κ −1 A(ω) then corresponds to the distribution of the work done during a quantum quench [26, 27] starting from a decoupled HL at temperature T (supposed to be smaller than all the other energy scales) and a QD in the state |↑ d , with the quench corresponding to suddenly turning on the tunneling between the helical liquid and the dot (see Fig. 1 ). The Fourier transform of the work distribution is known [26] as the Loschmidt echo
where . . . i refers to a thermal average over the initial density matrix
, with the dot in the state |↑ d . We shall show in the following that the large time behavior of this Loschmidt echo can be computed exactly.
From Anderson to Kondo. Because we are dealing with a strongly interacting many-body problem, the realtime dynamics of the system after the quantum quench is extremely complicated, and is controlled by several different energy scales. In what follows, we will restrict ourselves initially to the particle-hole symmetric case
of the Anderson impurity model, and consider the case Γ < ∼ U/2. We will also shift the frequencies by ω 0 = E f 0 − E i 0 , the groundstate energy difference between H i and H f , which corresponds to the minimal work needed at zero temperature to perform the quantum quench (ω 0 ∼ h − U/2). Let us assume that we are in a frequency regime such that T, ν = ω − ω 0 U , so that one can effectively integrate out the charge degrees of freedom on the dot to go from the Anderson problem to a reduced Kondo setup [29] -although the initial quantum dot setup is crucial to trigger physically the quantum quench using optical absorption. The resulting effective Hamiltonian density at low energy is [13, 14] 
2 d σ the local spin on the dot. (There is no potential scattering term induced at the symmetric point.) In terms of the Anderson model parameters, the bare Kondo coupling reads J = 8γ 2 U at the particle-hole symmetric point. This tunneling term should be considered energy-dependent and will be renormalized by the interactions in the HL. We also point out that the coupling to the effective Kondo impurity remains isotropic even in the presence of spin-orbit coupling [30] (see also [13, 14, 28] ).
Bosonization. To proceed, we bosonize the HL electrons by introducing ψ ↑↓ = [31, 32] . The odd boson then decouples, while the chiral Hamiltonian for ϕ ≡ ϕ e reads
This is the bosonized form of the one-channel anisotropic Kondo effect in a Fermi liquid. Put differently, the Kondo problem in a helical liquid can be mapped onto the usual Kondo effect in a Fermi liquid, but the Coulomb interactions in the HL induce an effective anisotropy in the Kondo coupling after this transformation [21] . This mapping is due to the unique nature of the HL, and does not apply to the case of a Kondo impurity in the usual spinful Luttinger liquid [20] . It is worth pointing out at this point that up to another canonical transformation, eq. (7) is related to the Interacting Resonant Level Model, a problem that has attracted a lot of attention recently due to the development of exact methods out of equilibrium [33] [34] [35] . Low energy Kondo physics. The impurity perturbation has dimension h = K, so it is always relevant for repulsive Coulomb interactions. At lowest-order, the Kondo temperature reads T K ∝ J 1/(1−K) . A more precise form of the Kondo temperature in our problem is given by [13, 21] 
with D the bandwidth and ξ = 1 + πU
the Coulomb-induced anisotropy parameter. We expect this formula to be valid only at low energy compared to the dot Coulomb interaction U . In the absence of interaction in the QSH helical liquid (K = 1), one recovers the well-known form of the Kondo temperature in the Anderson/Kondo problem. We will focus on the lowtemperature regime T, ν T K that is appropriate for the existing experiments with Fermi liquid leads. In the crossover regime where T, ν are comparable to T K but still less than U , numerical renormalization group methods might be useful to obtain the intermediate behavior.
Zero temperature edge singularity. In the zero temperature limit T = 0, there is no energy scale remaining in the problem so we can tackle this low energy (large time t T −1 K ) limit using Boundary Conformal Field Theory (BCFT). Folding the chiral anisotropic Kondo Hamiltonian (7), the Kondo impurity then becomes a boundary condition on a non-chiral boson. At low energy, this flows to a conformally invariant boundary condition and the Loschmidt echo can be argued to be related to the two-point function of a boundary condition changing operator (BCC) [36] (see also [37] ). This operator ϕ ≡ ϕ i→f has dimension h BCC = K 4 so we recover the δ ↑↓ = ± π 2 phase shifts of the electrons in the usual case of noninteracting leads (K = 1) as
while the value for K = 1 2 can be interpreted as twice the dimension of the spin operator in the Ising model [36] . The Loschmidt echo thus behaves as G(t) ∼ t −K/2 at large time. In terms of the absorption spectrum, this means that we expect the following edge singularity
The low energy part of the absorption spectrum thus contains a clear signature of the Luttinger physics of the HL, very different from what one would obtain in the case of an ordinary (spinful) Luttinger liquid [20] . For K = 1, one recovers the (ω − ω 0 ) −1/2 behavior observed experimentally for a Fermi liquid reservoir [2] .
Finite temperature crossover. At non-zero temperature T T K , the Loschmidt echo can still be thought of as a two-point function of BCC operators. Indeed, introducing ϕ † = ϕ f →i with the normalization ϕ † ϕ = 1, one can recast (5) as G(t) = ϕ † (t)ϕ(0) i , where the time evolution is performed with the initial Hamiltonian H i . This finite temperature two-point function can readily be computed using a conformal mapping
with T K playing the role of a UV cutoff. The absorption spectrum can then be obtained by Fourier transform (see Fig. 2 ). The edge singularity (9) is smeared at finite temperature, so it is important to work in the regime T ν T K to have the power-law behavior (9) . However, we emphasize that as long as T T K , the full finite temperature crossover is captured by CFT, providing a wider frequency range to measure the exponent K. In that low energy regime, the finite temperature absorption spectrum could also be used to test non-equilibrium fluctuation theorems [39] .
Discussion. Our proposal to measure the interaction strength along the QSHE edge using optical absorption requires one to work in the Kondo regime ν = ω−ω 0 , T T K U . For estimated (Hg,Cd)Te QD and HL parameters U ∼ 10 meV, Γ ∼ 1 meV and D ∼ 10 meV, one finds T K ∼ 2 − 10 K depending on the Luttinger parameter K, with larger values of T K corresponding to strong Coulomb interactions. The Luttinger liquid nature of the helical liquid thus makes it easier to reach the Kondo regime (large T K with T K U ), which was already accessed experimentally for a Fermi liquid reservoir [2] . For the temperatures used in the (Hg,Cd)Te quantum well experiment [10] , one expects to have T /T K ∼ 0.01−0.003 so that the low energy BCFT results should hold. To our knowledge few-electron quantum dots have not yet been created in this material, so it may be more practical to use InAs/GaSb quantum wells [11] , in which the QSHE also survives to higher temperatures. Although we have derived eq. (9) at the particle-hole symmetric point d − U eh = − U 2 , we expect this formula to remain valid whenever the dot is approximately occupied by one electron only [1] , in part because potential scattering terms ψ(0) † ↑ ψ(0) ↓ + h.c. that would change the exponent in eq. (9) are not allowed by time-reversal symmetry.
Our results suggest that optical absorption could be a reasonable alternative to transport in order to probe the edge physics of topological phases of matter. It would be interesting to see whether similar quantum dot setups could provide new insights on the physics of topological Kondo systems [40] , or help in probing Majorana modes at the edge of topological superconductors [41] .
As σ → ∞, this becomes the uniform state with k = 0 and spin state | ↑ + | ↓ , i.e., perfectly polarized along the +x spin direction. However, at finite σ the expansion of the above wavefunction over plane waves (momentum eigenstates), as would be detected in an idealized photoemission experiment, becomes more interesting: the expansion of the above wavefunction in plane waves is
where C is a normalization constant. We see that the plane-wave expansion now includes all momenta differing from the crystal momentum (zero) by a reciprocal lattice vector, and that plane waves with odd n are spin-polarized along −x. The absolute normalization can be set by letting C = 1 at σ = ∞ (a single plane wave appears). Then, |ψ will be consistently normalized for all σ if
Now the meaning of the statement that this state is not spin-polarized is evident: while |ψ is a pure quantum state, it involves multiple momenta, and consequently a measurement that only probes spin will give probabilities consistent with a mixed spin state rather than a pure spin state. (In modern parlance the state shows "entanglement" between the spin and momentum Hilbert spaces.) The average spin along the x direction is 
which drops from 1 at σ = ∞, to 0.17 at σ = a, to zero at σ = 0. The average of a measurement in the other spin directions is always zero, proving that (except at σ = ∞ where only a single momentum state is involved) the spin is not fully polarized if momentum is not resolved. The tunneling problem above can now be analyzed similarly and shows the same effect. To start with, assume that the fundamental tunneling is spin-independent: then the magnitude of the effective tunneling strength γ to the dot can be reduced if the different momenta contained in the Bloch state interfere destructively because they tunnel into the dot with opposite spin directions. If the tunneling has its own spin-orbit coupling, then the details of this interference will be modified depending on the specific momentum dependence of the spin direction induced in the tunneling. To summarize, the incomplete spin polarization in a Bloch state can reduce the total tunneling matrix element γ, but the form of the Hamiltonian in the main text remains valid, and the reduction of γ is only expected to be large if the spin polarization of the edge state is small, which is not believed to be the case for (Hg,Cd)Te.
